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Let A be the set of all equivalent norms on 1 which satisfy the FPP. We prove that A
contains rays. In fact, every renorming in 1 which veriﬁes condition (∗) in Theorem 2.1
is the starting point of a (closed or open) ray composed by equivalent norms on 1 with
the FPP. The standard norm ‖ ·‖1 or P.K. Lin’s norm deﬁned in Lin (2008) [12] are examples
of such norms. Moreover, we study some topological properties of the set A with respect
to some equivalent metrics deﬁned on the set of all norms on 1 equivalent to ‖ · ‖1.
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1. Introduction
Let (X,‖ · ‖) be a Banach space and C a subset of X . A mapping T : C → C is nonexpansive if ‖T x − T y‖ ‖x − y‖ for
all x, y ∈ C . A Banach space is said to satisfy the ﬁxed point property (FPP) if every nonexpansive self-mapping deﬁned on
a closed convex bounded subset has a ﬁxed point. It is not diﬃcult to show that the sequence Banach spaces 1 and c0,
endowed with their natural norms, fail to have the FPP. In fact, the ﬁrst known Banach spaces with the FPP were the
Hilbert spaces [1], the uniformly convex Banach spaces [7] or more generally, the reﬂexive Banach spaces with normal
structure [9]. These results were obtained in 1965 and, for a long time, it was conjectured that every Banach space with
the FPP was reﬂexive. This question was solved by P.K. Lin [12] in 2008 in an unexpected way: Let γn = 8n1+8n for all n ∈ N
and set |||x||| := supn γn
∑∞
k=n |xn| if x = (xn)n ∈ 1. Then ||| · ||| is a renorming on 1 which has the FPP. Therefore, (1, ||| · |||)
is a nonreﬂexive Banach space satisfying the FPP. Since P.K. Lin’s result, more nonreﬂexive Banach spaces with the FPP have
been found (see [5,6,8]).
This paper is mainly divided in four sections. In Section 2 we will obtain new families of renormings on 1 satisfying
the FPP. In fact, in a subsequent paper, P.K. Lin [13] established four conditions which are suﬃcient to assure that a renorm-
ing on 1 veriﬁes the FPP. We will check that many of the norms obtained in our main result do not satisfy P.K. Lin’s
condition.
In Section 3 we will study whether P.K. Lin’s norm produces some stability of the ﬁxed point property. It is known that
the ﬁxed point property is not preserved under isomorphisms: (1,‖ · ‖1) fails the FPP whereas (1, ||| · |||) does have the FPP.
However for many classical reﬂexive Banach spaces, the ﬁxed point property is preserved under isomorphisms whenever the
Banach–Mazur distance between the original space and the isomorphic one is less than a certain constant. This is known
as the problem of the stability of the ﬁxed point property and it can be formulated as follows: let X be a Banach space
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whenever d(X, Y ) < K? This problem has been widely studied by many researchers and many geometric properties have
turned out to be useful to determine an upper bound for the Banach–Mazur distance which assures the transmission of the
FPP (see Chapter 7 in [10] and the references therein for a broad exposition about this topic). We will prove that P.K. Lin’s
norm, along with most of the renormings of 1 with the FPP, fail to produce stability of the FPP. This fact contrasts with the
case of the classical norms in reﬂexive Banach spaces with the FPP.
Finally, in Section 4 we consider the convex cone P of all norms on 1 which are equivalent to ‖ · ‖1 and its subset A
given by the norms of P satisfying the FPP. We deduce that A contains rays and we study some properties concerning to
the structure of the sets A and P \ A.
2. Family of norms on 1 with the FPP
Let X be a Banach space, C a subset of X and T : C → C a mapping. A sequence (xn) in C is called an approximate ﬁxed
point sequence (a.f.p.s.) if
lim
n
‖xn − T xn‖ = 0.
It is not diﬃcult to prove, by using Banach’s Contraction Principle, that every nonexpansive mapping has an approximate
ﬁxed point sequence (xn) ⊂ C if C is a convex, bounded, closed subset of X .
We will introduce some notation which will be used throughout the paper: Let (γk) be any non-decreasing sequence in
(0,1) converging to 1 and denote by ||| · ||| the renorming on 1 given by
|||x||| := sup
k
γk
∞∑
n=k
|xn|.
Denote Rk(x) :=∑∞n=k |xn| for all x = (xn)n ∈ 1.
The above norm is a generalization of the original norm given by P.K. Lin in [12] and it has been proved that (1, ||| · |||)
has the FPP for any sequence (γk) in the above conditions (see [8] or Example 1 in [13]). The usual norm on 1 will be
denoted by ‖ · ‖1 and Pk denotes the natural projection on 1 for every k ∈ N.
The main result of this section is the following:
Theorem 2.1. Let p(·) be an equivalent norm to the usual norm on 1 such that
limsup
n
p(xn + x) = limsup
n
p(xn) + p(x) (∗)
for every w∗-null sequence (xn) and for all x ∈ 1 . Then the norm
| · |p = p(·) + λ||| · |||
has the FPP for every λ > 0.
Before starting with the proof, we state a general result for Banach spaces which fail to satisfy the FPP and that can be
deduced from the existence of approximate ﬁxed point sequences and Cantor’s Intersection Theorem (see Lemma 1 and the
subsequent remark in [8] for a proof):
Lemma 2.2. Let (X,‖ · ‖) be a Banach space with a linear topology τ such that every bounded sequence has a τ -convergent subse-
quence. Let C be a closed convex bounded subset of X and T : C → C a nonexpansive mapping. If T is ﬁxed point free, then there exists
a closed convex T -invariant subset D of C such that
inf
{
limsup
n
‖xn − x‖: (xn) ⊂ D, (xn) a.f.p.s., xn → x in τ
}
> 0.
Now we proceed to prove Theorem 2.1. The proof is an adaptation of Lin’s original proof in [12]. Notice that
|x|p := sup
k
ρk(x),
where ρk(x) := p(x) + λγkRk(x). It is not diﬃcult to check that for all weak*-null sequence and for all x ∈ 1 the following
property holds:
limsup
n
ρk(xn + x) = limsup
n
ρk(xn) + ρk(x) (I)
for all k ∈ N. Moreover, limsupn Rk(xn) = limsupn |||xn||| for all k ∈ N if (xn) is a weak*-null sequence in 1.
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σ(1, c0)-topology in 1, which will be denoted by w .
Deﬁne
s := inf
{
limsup
n
|xn − x|p: (xn) ⊂ D, (xn) a.f.p.s., xn w∗−−→ x
}
which is strictly positive. Consider the set A(D) of all (xn) ⊂ D , such that (xn) is an a.f.p.s. converging w to some x ∈ 1
and such that limn p(xn − w), limn |||xn − w||| and limn Rk(xn − w) exist for all w ∈ 1 and for all k ∈ N. Notice that, from the
separability of 1, one can infer that
s = inf
{
lim
n
|xn − x|p: (xn) ∈ A(D), xn w∗−−→ x
}
.
Without loss of generality we can assume that s = 1. Deﬁne
c := inf{|||x|||: p(x) = λ}; a := inf{|||x|||: |x|p = λ},
which are constants strictly greater than zero since the involved norms are equivalent.
We choose ε1 > 0 such that
1+ ε1
1+ c + 2ε1 < 1
and an a.f.p.s. (xn) ∈ A(D) such that weak*-limn xn = x and limn |xn − x|p < 1+ε1. By translation, we can suppose that x = 0.
Deﬁne
K :=
{
z ∈ D: lim
n
|xn − z|p  2+ 2ε1
}
.
Notice that K is nonempty, closed, convex, bounded and T -invariant. In fact, there exists n0 ∈ N such that xn ∈ K for n n0.
Deﬁne r by
r := inf
{
lim
n
|yn − y|p: (yn) ⊂ K , (yn) ∈ A(D), yn w∗−−→ y
}
.
From the deﬁnition of r we have
1 r  lim
n
|xn|p < 1+ ε1. (1)
Deﬁne A(K ) = {(yn) ∈ A(D): yn ∈ K ,∀n ∈ N} and consider (yn) ∈ A(K ) an arbitrary a.f.p.s. such that yn w∗−−→ y. Then for
all k ∈ N we have
2+ 2ε1  limsup
m
lim
n
|xn − ym|p
 limsup
m
lim
n
ρk(xn − ym)
= limsup
m
[
limsup
n
ρk(xn) + ρk(ym)
] (
by (I)
)
= limsup
n
ρk(xn) + limsup
m
ρk(ym − y) + ρk(y)
(
by (I)
)
= lim
n
p(xn) + λγk lim
n
Rk(xn) + lim
m
p(ym − y) + λγk lim
n
Rk(ym − y) + ρk(y)
= lim
n
p(xn) + λγk lim
n
|||xn||| + lim
m
p(ym − y) + λγk lim
n
|||ym − y||| + ρk(y)
 γk
[
lim
n
|xn|p + lim
m
|ym − y|p
]
+ ρk(y)
 2γk + ρk(y).
Hence, if (yn) ∈ A(K ) is an a.f.p.s. and weak*-lim yn = y, we have
ρk(y) 2(1− γk) + 2ε1 (2)
< 2+ 2ε1. (3)
Choose m such that
1+ ε1 + 2ε1 <m < 1.
1+ c
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lim
n
p(xn)
limn |xn|p
1+ c <
1+ ε1
1+ c
and there exists n0 ∈ N such that
p(xn0) <
limn |xn|p
1+ c <
1+ ε1
1+ c .
On the other hand,
limsup
k
ρk(xn0) = p(xn0) + λ limsup
k
γkRk(xn0) = p(xn0),
so we can ﬁnd k0 ∈ N such that the following hold:
ρk(xn0) <
1+ ε1
1+ c (4)
and
qk := 1+ ε11+ c + 2(1− γk) + 2ε1 <m < 1 r (5)
for all k k0.
Since the set K is bounded there exists some H > 0 such that |x|p < H for all x ∈ K . Hence
ρk(xn0) < H for all k ∈ N. (6)
Deﬁne m0 := 1− a(1− γk0 ) which is strictly less than 1 and
h := H + 2+ 2ε1 > r >m0r
(
from (1)
)
. (7)
We take β ∈ (0,1) such that
β <
2r(1−m0)
h −m0r .
Note that
(2− β)r + βm = 2r − β(r −m) < 2r
and
(2− β)m0r + βh = 2m0r + β(h −m0r) < 2m0r + 2r(1−m0) = 2r.
Therefore, we can ﬁnd ε2 > 0 such that
(2− β)(r + ε2) + βm < 2r, (8)
(2− β)m0(r + ε2) + βh < 2r. (9)
Set
M := max{(2− β)(r + ε2) + βm, (2− β)m0(r + ε2) + βh}
which is strictly less than 2r.
Take (yn) ∈ A(K ) an a.f.p.s. such that weak*-limn yn = y and limn |yn − y|p < r + ε2. Consider N0 ∈ N such that
|yn − y|p < r + ε2 (10)
for all n N0.
Moreover,
lim
n
ρk(yn − y) = lim
n
p(yn − y) + λγk lim
n
Rk(yn − y)
= lim
n
p(yn − y) + λγk lim
n
|||yn − y|||
= lim
n
|yn − y|p − (1− γk)λ lim
n
|||yn − y|||

[
1− (1− γk)a
]
lim
n
|yn − y|p by deﬁnition of a
<
[
1− (1− γk)a
]
(r + ε2),
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ρk(yn − y) <
[
1− (1− γk)a
]
(r + ε2)m0(r + ε2) (11)
for all n N1 and k = 1, . . . ,k0.
Deﬁne now
z0 := βxn0 + (1− β)yN1
which belongs to K , since K is convex.
Let us now prove that limn |yn − z0|p  M . In order to do this, we will check that for all k ∈ N and n N1 we have
ρk(yn − z0) M.
Notice that
yn − z0 = yn − y − (1− β)(yN1 − y) − β(xn0 − y).
Fix n N1. We split the proof into two cases:
Case 1: k > k0:
ρk(yn − z0) ρk(yn − y) + (1− β)ρk(yN1 − y) + β
[
ρk(xn0) + ρk(y)
]
 |yn − y|p + (1− β)|yN1 − y|p + β
[
ρk(xn0) + ρk(y)
]
by deﬁnition of | · |p
< (2− β)(r + ε2) + β
[
ρk(xn0) + ρk(y)
] (
by (10)
)
< (2− β)(r + ε2) + β
[
1+ ε1
1+ c + 2(1− γk) + 2ε1
] (
by (4) and (2)
)
= (2− β)(r + ε2) + βqk < (2− β)(r + ε2) + βm
(
from (5)
)
< 2r
(
from (8)
)
.
Case 2: k k0:
ρk(yn − z0) ρk(yn − y) + (1− β)ρk(yN1 − y) + β
[
ρk(xn0) + ρk(y)
]
m0(2− β)(r + ε2) + β
[
ρk(xn0) + ρk(y)
] (
from (11)
)
<m0(2− β)(r + ε2) + β[H + 2+ 2ε1]
(
by (6) and (3)
)
m0(2− β)(r + ε2) + βh
(
by (7)
)
< 2r
(
by (9)
)
.
Then ρk(yn − z0) M for all k ∈ N and for all n N1. So, |yn − z0|p  M for all n N1 and
limsup
n
|yn − z0|p  M.
Deﬁne now
K0 :=
{
z ∈ K : limsup
n
|yn − z|p  M
}
.
Notice that K0 is nonempty since z0 ∈ K0 and we can ﬁnd (wm) ∈ A(D), (wm) ⊂ K0 such that weak*-limm wm = w ∈ 1.
Now, for all k ∈ N:
M  limsup
m
limsup
n
|yn − wm|p
 limsup
m
limsup
n
ρk(yn − wm)
= lim
n
ρk(yn − y) + lim
m
ρk(wm − w) + ρk(y − w)
 lim
n
p(yn − y) + λγk lim
n
|||yn − y||| + lim
m
p(wm − w) + λγk lim
m
|||wm − w|||.
Taking limits when k goes to inﬁnity
M  lim
n
|yn − y|p + lim
m
|wm − w|p  r + r = 2r
which contradicts the deﬁnition of M . Therefore (1, | · |p) has the FPP as we wanted to prove. 
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basic sequence of (en) if u j =∑p j+1i=p j+1 a je j with scalars a j and p1 < p2 < · · · .
At this point, we should note that P.K. Lin proved the following result in [13]:
Let | · | be an equivalent norm on 1 satisfying the following four properties:
(1) there are α > 4 and a positive (decreasing) sequence (αn) in (0,1) such that for any normalized block basis { fn} of
(1, | · |) and x ∈ 1 with Pk−1(x) = x and |x| < αk ,
limsup
n
| fn + x| 1+ |x|
α
,
(2) there are two strictly decreasing sequences {βk} and {νk} with limk βk = 0 and limk νk = 1, such that for any normalized
block basis { fn} of (1, | · |) and x with (I − Pk)(x) = x,
lim inf
n
| fn + x| 1− βk + ν−1k |x|,
(3) for any k ∈N, ‖I − Pk‖ = 1, and
(4) the unit ball of (1, | · |) is σ(1, c0)-closed.
Then (1, | · |) has the FPP.
Notice that P.K. Lin’s norm ||| · ||| satisﬁes the above four conditions. On the other hand, it is obvious that ‖ · ‖1 cannot
satisfy P.K. Lin’s properties, but it is easy to check that ‖ · ‖1 satisﬁes conditions (2), (3) and (4) stated above and it only fails
condition (1). Therefore, condition (1) turns out to be the key for the author in [13] to prove the FPP. A natural question is
if there are equivalent norms on 1 having the FPP and failing the suﬃcient conditions given in [13].
Let us check that the equivalent norm | · | = ‖ · ‖1 + ||| · ||| does not verify property (1) from [13]:
Consider the sequence fn = en1+γn which is a normalized block basis of (1, | · |) and let (αn) be any sequence in (0,1).
Let 0 < tk < αk and x = tk1+γ1 e1 which veriﬁes Pk−1(x) = x for all k 2 and |x| = tk < αk . Notice that
| fn + x| = 1
1+ γn +
tk
1+ γ1 +max
{
γ1
(
tk
1+ γ1 +
1
1+ γn
)
, γn
1
1+ γn
}
.
Assume that there exists some α > 4 verifying property (1). Then
1+ tk
α
= 1+ |x|
α
 limsup
n
| fn + x|
 limsup
n
[
1
1+ γn +
tk
1+ γ1 + γn
1
1+ γn
]
= 1+ tk
1+ γ1
which implies that 4 < α  1 + γ1, which is a contradiction. In fact, if we want ‖ · ‖1 + ||| · ||| to verify a property similar
to (1) then α would have to be less or equal to 1 (since γ1 can be any number in (0,1)), but α = 1 in (1) is not valid for
establishing suﬃcient conditions, since ‖ · ‖1 would satisfy (1) with α = 1.
Therefore, ‖ · ‖1 + ||| · ||| is an equivalent norm failing to satisfy P.K. Lin’s suﬃcient conditions to ensure the FPP. On the
other hand, from Theorem 2.1 we can deduce that for every linear combination
μ‖x‖1 + λ|||x|||; μ 0, λ > 0
the space 1 endowed with this norm has the FPP.
But Theorem 2.1 can be applied to more general norms on 1. For instance, every equivalent norm p(·) on 1 which
separates disjoint vectors (i.e., p(x+ y) = p(x)+ p(y) if supp(x)∩ supp(y) = ∅) satisﬁes the hypotheses of Theorem 2.1. One
example of such norm can be
‖x‖ρ :=
∞∑
n=1
rn|xn|
if x = (xn)n ∈ 1, where ρ = (rn) is any bounded sequence on R such that infn rn > 0. Then ‖ · ‖ρ is an equivalent norm
to ‖ · ‖1, fails to have the FPP (since (1,‖ · ‖ρ) is isometric to (1,‖ · ‖1) via the isometry S(x) = (r1x1, r2x2, . . .)) and
μ‖x‖ρ + λ|||x|||
has the FPP for every μ 0 and λ > 0.
More general: let k ∈ N. Let ‖ · ‖k be any norm on Rk and p(·) be a norm on 1 which separates disjoint vectors. Then
|x| = α1p
(
(I − Pk)x
)+ α2‖Pkx‖k
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|x| = α1
∞∑
n=k+1
|xn| + α2
(
k∑
n=1
|xn|q
)1/q
where k ∈ N and 1 q < +∞.
3. Stability and ﬁxed point property
As we explained in the Introduction section, the FPP is not preserved by isomorphisms. However, it is known that for
many classical reﬂexive Banach spaces, the ﬁxed point property is inherited by “close” renormings in the sense of the
Banach–Mazur distance. Recall that if X and Y are Banach spaces, the Banach–Mazur distance is deﬁned by
d(X, Y ) = inf{‖T‖ · ∥∥T−1∥∥: T isomorphism between X and Y }.
For instance, if X = p , 1 < p < +∞, endowed with its original norm, and Y is isomorphic to p , it is known that Y has the
FPP if d(X, Y ) < (1+ 2 1p−1 ) p−1p [3]. When X is uniformly convex and d(X, Y )WCS(X), the Banach space Y has the FPP [2].
If H is a Hilbert space and d(H, Y ) <
√
5+√17
2 [14] then Y has the FPP.
Now we go back to the space 1: ﬁx as usual any (γn) ⊂ (0,1) non-decreasing with limn γn = 1 and consider the
corresponding ||| · |||-norm deﬁned by
|||x||| = sup
k
γk
∞∑
n=k
|xn|.
Does (1, ||| · |||) produce some stability? That is, does there exist some constant K > 1 such that Y has the FPP whenever
d((1, ||| · |||), Y ) < K? By means of the following example we will check that the answer to this question is that such constant
K > 1 cannot exist in sharp contrast with the stability bounds that are known for classical reﬂexive Banach spaces.
Example 3.1. We will check that for every K > 1 there is an equivalent norm on 1, whose Banach–Mazur distance to
(1, ||| · |||) is less than K but failing the FPP.
Take k0 such that 1/γk0 < K and deﬁne the norm
|||x|||k0 = sup
1kk0
γk
∞∑
n=k
|xn|; for all x = (xn)n ∈ 1.
It is not diﬃcult to check that |||x|||k0  |||x||| 1γk0 |||x|||k0 for all x ∈ 1 and therefore
d
((
1, ||| · |||
)
,
(
1, ||| · |||k0
))
 1
γk0
< K .
Deﬁne the linear mapping T : (1,‖ · ‖1) → (1, ||| · |||k0) given by
T x = 1
γk0
(0, . . . ,0︸ ︷︷ ︸
k0−1
, x1, x2, . . .) for all x = (xn)n ∈ 1.
Since T is an isometry the space (1, ||| · |||k0) contains an isometric copy of 1 and hence it fails the FPP.
Notice that, using the above example, we can check that none of the norms ‖x‖1 + λ|||x||| have stability. Indeed, ﬁx λ > 0
and consider the linear mapping S : (1,‖ · ‖1) → (1,‖ · ‖1 + λ||| · |||k0) given by
S(x) = 1
1+ λγk0
(0, . . . ,0︸ ︷︷ ︸
k−1
, x1, x2, . . .) for all x = (xn)n ∈ 1.
This mapping is again an isometry which shows that (1,‖ · ‖1 + λ||| · |||k0) fails the FPP and we can easily check that
d((1,‖ · ‖1 + λ||| · |||), (1,‖ · ‖1 + λ||| · |||k0)) 1γk0 . Since we can choose γk0 as close as 1 as we want, we deduce that neither
of these norms have stability for the ﬁxed point property.
Notice that from the above ideas one can prove that none of the norms given in the examples of [13] with the FPP have
stability. Therefore, a natural question is the following: Does there exist an equivalent norm p(·) on 1 such that (1, p(·))
has the FPP and p(·) produces stability of the FPP?
We ﬁnish this section by noticing that Theorem 2.1 also shows the following: For any norm p(·) satisfying condition (∗)
but failing the FPP, we may ﬁnd an equivalent norm as close as we like, in the Banach–Mazur sense, which veriﬁes the FPP.
So the property of failing the FPP is not stable for norms satisfying condition (∗) either.
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Let P be the set of all norms on 1 equivalent to ‖ · ‖1 and deﬁne
A := {p(·): p ∈ P and (1, p(·)) has the FPP}.
In the set P we can deﬁne a natural metric given by
h(p,q) := H(Bp, Bq)
where H is the Hausdorff distance and Bp , Bq are the unit balls of (1, p), (1,q) respectively. It is not diﬃcult to check
that (P,h) is a complete metric space.
Another metric deﬁned on P is the following
ρ(p,q) = sup{∣∣p(x) − q(x)∣∣: ‖x‖1  1}.
Then P is an open set of the complete metric space (Q,ρ) of all continuous seminorms on (1,‖ · ‖1) endowed with the
metric ρ deﬁned as above. Moreover, the metric spaces (P,h) and (P,ρ) are equivalent [4].
The ﬁxed point property is an isometric property which implies that λp ∈ A (for λ > 0) whenever p ∈ A. In this sense,
we could restrict the study of the equivalent norms verifying the FPP to the set of normalized norms, that is, equivalent
norms which satisfy sup‖x‖11 p(x) = 1. Denote by E the set of all equivalent normalized norms on 1. Following the idea
of the Banach–Mazur distance we can also deﬁne a metric on E by
d(p,q) = log bp,q
ap,q
= log‖i‖∥∥i−1∥∥
where i is the identity operator and
ap,q := inf
{
p(x)
q(x)
: ‖x‖1 = 1
}
; bp,q := sup
{
p(x)
q(x)
: ‖x‖1 = 1
}
.
The space (E,d) is metric and it can be proved that (E,ρ), (E,h), (E,d) are equivalent metric spaces [15] so the three
metrics generate the some topology on E .
Until 2008 it was conjectured that the set A was empty. In that year, P.K. Lin proved that ||| · ||| ∈ A [12], where ||| · ||| is
the norm introduced in Section 2. It would be interesting to know some properties of the set A.
Notice that γ1‖x‖1  |||x||| ‖x‖1 for all x ∈ 1, which implies that
ρ
(||| · |||,‖ · ‖1) 1− γ1.
From this inequality we deduce that the set A is not closed on (P,ρ), since ‖ · ‖1 ∈ P \ A and for all  > 0 we can ﬁnd
p ∈ Bρ(‖ · ‖1, ) such that p ∈ A (recall that γ1 can be chosen as close to one as we like).
Furthermore, from the instability result obtained in the previous section, we can deduce that A is not a ρ-open set
either. In fact ||| · ||| ∈ A, ||| · |||k0 /∈ A and ρ(||| · |||, ||| · |||k0) 1− γk0 , where ||| · |||k0 denotes the norm deﬁned in last section and
γk0 can again be chosen as close to 1 as we like.
By the equivalence among the metrics, A is neither closed nor open in (P,h) and the some holds for the set A ∩ E in
the metric space (E,d).
On the other hand, notice that P is a convex cone, that is, if p1, p2 ∈ P and α1,α2  0, then α1p1 +α2p2 ∈ P . Is the set
A also a convex cone? From Theorem 2.1 we can deduce that A does contain rays. In fact, if p(·) is a norm in P satisfying
property (∗) of Theorem 2.1, then p(·) is the starting point of an (open or closed) ray of norms contained in A.
Let C := {(xn) ∈ 1: xn  0,∑∞n=1 xn = 1}. Of course, the set C is closed convex and bounded. If S : 1 → 1 is the right
shift mapping deﬁned by S(x1, x2, . . .) = (0, x1, x2, . . .), then for every positive integer k, the set C is invariant under the
mapping Sk . Moreover, Sk is ﬁxed point free on C .
Therefore, every norm q equivalent to the standard one belongs to P \ A whenever one of the mappings Sk is
q-nonexpansive, that is, if for some positive integer k,
q(
(k)
0, . . . ,0, v1, v2, . . .) q(v1, v2, . . .) (12)
holds for every v = (v1, v2, . . .) ∈ 1. There are many well-known norms on 1 which satisfy condition (12) as, for instance,
the following.
(1) The norm ‖ · ‖c deﬁned by ‖(xn)‖c =∑∞n=1 |xn| + |∑∞n=1 xn|.
(2) The family of norms deﬁned by
∥∥(xn)∥∥ρ :=
∞∑
rn|xn|
n=1
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(3) For a positive integer k and a > 0, let ‖ · ‖a,k be the norm deﬁned on 1 as
‖x‖a,k = a|x1 + · · · + xk| + ‖x‖1.
For each x ∈ 1 one has that ‖x‖1  ‖x‖a,k  (1+ a)‖x‖1, and it is obvious that
∥∥( (k)0, . . . ,0, v1, v2, . . .)∥∥a,k = ∥∥(v1, v2, . . .)∥∥1  ∥∥(v1, v2, . . .)∥∥a,k,
that is, Sk is ‖ · ‖a,k-nonexpansive.
(4) The (dual) norm ‖x‖l := max{‖x+‖1,‖x−‖1}, where x+ and x− stand respectively for the positive and the negative parts
of x = (xn) ∈ 1. Notice that in [11] a ﬁxed point free self-mapping of the weak*-compact convex set K := {(xn) ∈
1: xn  0,
∑∞
n=1 xn  1} was given, namely T (x) = (1 −
∑∞
n=1 xn, x1, x2, . . .). This mapping T is 2 Lipschitzian with
respect to the norm ‖ · ‖1 but it is ‖ · ‖l-nonexpansive on K .
(5) Of course, every positive linear combination of a ﬁnite number of norms satisfying condition (12) again satisﬁes such
condition.
Notice that ‖ · ‖c and ‖ · ‖l fail to satisfy condition (∗) in Theorem 2.1.
The set of all of norms satisfying condition (12) is indeed large, but is far from be equal to the set P \A: Let U : 1 → 1
be the mapping deﬁned by
U (x) = (0, x1,0, x2,0, x3,0, x4, . . .).
Of course, ‖U (x)‖1 = ‖x‖1, and U maps C into C . If x = U (x) for some x ∈ 1, then x = 01 /∈ C , and therefore U is a ﬁxed
point free self-mapping of C .
Let ‖ · ‖U be the norm on 1 deﬁned by
‖x‖U =
∞∑
i=1
|x2i | +
∞∑
i=1
a|x2i−1|
where a > 1 is previously given. It turns out that, for every x ∈ 1∥∥U (x)∥∥U = ‖x‖1  ‖x‖U
which implies that U is ‖ · ‖U -nonexpansive on C . However, ‖ · ‖U fails (12), in spite that it belongs to P \ A.
We can deﬁne NUk as the set of all the equivalent renormings of 1 for which Uk is nonexpansive. Even more, for any
operator V on 1 which leaves invariant the set C (that is, with V (C) ⊂ C ) and which has no ﬁxed points on C we can
consider a subset NV of P \ A, namely the set of those norms, say q, for which V is q-nonexpansive. In any case we have
seen that the set P \ A is, in some sense, quite complex.
These examples raise the problem (seemingly hard) of giving a characterization of the equivalent renormings of (1,‖·‖1)
lacking the FPP.
In reﬂexive Banach spaces, even in Hilbert spaces, is not known whether or not they can be equivalently renormed to
fail the FPP. But in 1, since both sets A and P \ A are nonempty, it raises as quite natural the question of how large is A
(or P \ A) inside P . For instance, is A (or P \ A) dense on P with respect to the previous metrics? Moreover, ‘how large’
could also be stated in the sense of the categories, or in the sense of the different kinds of porosity. The results of the above
section on stability as well as the above comments on P \ A suggest that the set A should be negligible, or, in other words,
that the property of failing FPP is generic for the elements of P .
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